
Geometric Deformation
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Orthogonal Procrustes 
Problem
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Optimization of Rotation: 𝐦𝐢𝐧
𝑹

𝑾 𝑹
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Strategy A: Iteratively update rotation by parameterizing 
rotational update as 𝑑𝑅 = exp Skew 𝜔

Strategy B: Singular Value Decomposition (SVD) can find 
the optimal rotation if 𝑊 𝑅  takes the form of  

𝑅𝐴 − 𝐵 𝐹

𝜔 =
𝜕2𝑊

𝜕𝜔2

−1
𝜕𝑊

𝜕𝜔
, 𝑅 ← 𝑅 exp Skew 𝜔

Hard to choose!



Optimizing Rotation for Quadratic Metric
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𝑅𝑜𝑝𝑡 = argmin
𝑅

𝑅𝐴 − 𝐵 𝐹 , where 𝑅𝑇𝑅 = 𝐼

= argmin
𝑅

𝑅𝐴 − 𝐵 𝐹
2 = argmin

𝑅
𝑅𝐴 − 𝐵, 𝑅𝐴 − 𝐵 𝐹

= argmin
𝑅

𝐴 𝐹
2 − 2 𝑅𝐴, 𝐵 𝐹 + 𝐵 𝐹

2

= argmax
𝑅

𝑅𝐴, 𝐵 𝐹 = argmax
𝑅

𝑅, 𝐵𝐴𝑇
𝐹



Optimizing Rotation for Quadratic Metric
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𝑅𝑜𝑝𝑡 = argmax
𝑅

𝑅, 𝐵𝐴𝑇
𝐹

= argmax
𝑅

𝑅, 𝑈Σ𝑉𝑇
𝐹 = argmax

𝑅
𝑈𝑇𝑅𝑉, Σ 𝐹

= argmax
𝑆

𝑆, Σ 𝐹 , where 𝑆𝑇𝑆 = 𝐼

= argmax
𝑆

𝑆11Σ11 + 𝑆22Σ22 + 𝑆33Σ33

= 𝑈𝑉𝑇



Solution of Orthogonal Procrustes Problem
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𝑅𝑜𝑝𝑡 = argmin
𝑅

𝑅𝐴 − 𝐵 𝐹 , where 𝑅𝑇𝑅 = 𝐼

𝑅𝑜𝑝𝑡 = 𝑈𝑉𝑇 , where 𝐵𝐴𝑇 = 𝑈Σ𝑉𝑇(using SVD)

𝑈Σ𝑉𝑇!

Rotation optimization



As-Rigid-As Possible 
Deformation
Elastic Energy using Singular Value Decomposition (SVD)
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Deformation using SVD

Shape matching deformation
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As-rigid-as possible deformation
[Müller et al. 2005] [Sorkine et al. 2007]

https://www.youtube.com/watch?v=LAoQJ1dhk1w
https://www.youtube.com/watch?v=ltX-qUjbkdc

https://www.youtube.com/watch?v=ltX-qUjbkdc
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https://www.youtube.com/watch?v=ltX-qUjbkdc
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Invariance of the Elastic Energy

• Deformation energy is not affected by rotation 𝑅 and translation Ԧ𝑡 

same energy

𝑅, Ԧ𝑡

𝑅, Ԧ𝑡

same energy

𝑅, Ԧ𝑡

𝑅, Ԧ𝑡



How can We Formulate Elastic Energy?
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Strategy A: Elastic energy 𝑊 is a function of eigenvalues 
of Green-Lagrange strain 𝐸 = 𝐹𝑇𝐹 − 𝐼   

𝑊 = 𝐹𝑇𝐹 − 𝐼 𝐹
2 , where 𝐹 =  Τ𝜕 Ԧ𝑥 𝜕 Ԧ𝑋

Strategy B: Elastic energy 𝑊 is a sum of square distances 
after cancelling rotation and translation

𝑊 = min
𝑅,Ԧ𝑡

෍

𝑖

𝜔𝑖 𝑅 Ԧ𝑋𝑖 + Ԧ𝑡 − Ԧ𝑥𝑖

2

Hard to choose!

cancel rotation cancel translation



Elastic Energy by Sum of Squared Distances

• Given points, if there is a rigid transformation the energy is the same
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෍
𝑖

𝜔𝑖 𝑅 Ԧ𝑋𝑖 + Ԧ𝑡 − Ԧ𝑥𝑖

2

𝑅, Ԧ𝑡

𝑅, Ԧ𝑡

𝑅𝑋𝑖 + Ԧ𝑡 − Ԧ𝑥𝑖

Ԧ𝑥𝑖

𝑅𝑋𝑖 + Ԧ𝑡

𝑋𝑖

elastic energy 𝑊 

rest shape
current shape



Elastic Energy by Sum of Squared Distances

• Given points, if there is a rigid transformation the energy is the same
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෍
𝑖

𝜔𝑖 𝑅 Ԧ𝑋𝑖 + Ԧ𝑡 − Ԧ𝑥𝑖

2

𝑅, Ԧ𝑡

𝑅, Ԧ𝑡

𝑅𝑋𝑖 + Ԧ𝑡 − Ԧ𝑥𝑖

Ԧ𝑥𝑖

𝑅𝑋𝑖 + Ԧ𝑡

𝑋𝑖

rest shape
current shape

elastic energy 𝑊 = 0 



Compute Elastic Energy 𝑾: Optimizing Ԧ𝑡
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ഥ𝑊 𝑅, Ԧ𝑡 =  ෍
𝑖

𝜔𝑖 𝑅 Ԧ𝑋𝑖 + Ԧ𝑡 − Ԧ𝑥𝑖

2

= ෍
𝑖

𝜔𝑖 𝑅 Ԧ𝑋𝑖 − Ԧ𝑥𝑖

2
− ෍

𝑖
2𝜔𝑖 Ԧ𝑥𝑖 − 𝑅 Ԧ𝑋𝑖 ⋅ Ԧ𝑡 + ෍

𝑖
𝜔𝑖 Ԧ𝑡

2

𝜕 ഥ𝑊 𝑅, Ԧ𝑡

𝜕Ԧ𝑡
= − ෍

𝑖
2𝜔𝑖 Ԧ𝑥𝑖 − 𝑅 Ԧ𝑋𝑖 + Ԧ𝑡 ෍

𝑖
2𝜔𝑖

𝜕 ഥ𝑊 𝑅, Ԧ𝑡

𝜕Ԧ𝑡
= 0 Ԧ𝑡𝑜𝑝𝑡 = ൘෍

𝑖
𝜔𝑖 Ԧ𝑥𝑖 − 𝑅 Ԧ𝑋𝑖 ෍

𝑖
𝜔𝑖 = Ԧ𝑡𝑐𝑔 − 𝑅𝑇𝑐𝑔

Ԧ𝑡𝑐𝑔 = ൘෍
𝑖
𝜔𝑖 Ԧ𝑥𝑖 ෍

𝑖
𝜔𝑖

𝑇𝑐𝑔 = ൘෍
𝑖
𝜔𝑖𝑋𝑖 ෍

𝑖
𝜔𝑖



Compute Elastic Energy 𝑾: Optimizing 𝑹
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ഥ𝑊 𝑅, Ԧ𝑡𝑜𝑝𝑡 =  ෍
𝑖

𝜔𝑖 𝑅 Ԧ𝑋𝑖 + Ԧ𝑡𝑜𝑝𝑡 − Ԧ𝑥𝑖

2
= ෍

𝑖
𝜔𝑖 𝑅 Ԧ𝑋𝑖 − 𝑇𝑐𝑔 − Ԧ𝑥𝑖 − Ԧ𝑡𝑐𝑔

2

=  ෍
𝑖

𝑅 𝜔𝑖
Ԧ𝑋𝑖 − 𝑇𝑐𝑔 − 𝜔𝑖 Ԧ𝑥𝑖 − Ԧ𝑡𝑐𝑔

2

𝑅𝑜𝑝𝑡 = argmin
R

ഥ𝑊 𝑅, Ԧ𝑡𝑜𝑝𝑡 = 𝑈𝑉𝑇 , where 𝐵𝐴𝑇 = 𝑈Σ𝑉𝑇

= 𝑅𝐴 − 𝐵 𝐹
𝐴 = 𝜔1 𝑋𝑖 − 𝑇𝑐𝑔 , 𝜔2 𝑋𝑖 − 𝑇𝑐𝑔 , ⋯ 

𝐵 = 𝜔1 Ԧ𝑥𝑖 − Ԧ𝑡𝑐𝑔 , 𝜔2 Ԧ𝑥𝑖 − Ԧ𝑡𝑐𝑔 , ⋯ 

𝐵𝐴𝑇 = ෍
𝑖
𝑤𝑖 Ԧ𝑥𝑖 − Ԧ𝑡𝑐𝑔 ⨂ 𝑋𝑖 − 𝑇𝑐𝑔



Shape Matching Deformation [Müller et al. 2005]
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1. compute temporary position  

    Ԧ𝜒𝑖 = Ԧ𝑥𝑖 + 𝑑𝑡 ∙ Ԧ𝑣𝑖

3. Set velocity

   Ԧ𝑥𝑖+1 = Ԧ𝜒𝑖 ,  Ԧ𝑣𝑖+1 =
Ԧ𝑥𝑖+1− Ԧ𝑥𝑖

𝑑𝑡

4. Goto 1

2. For each element, update position

 𝑅𝑜𝑝𝑡 , Ԧ𝑡𝑜𝑝𝑡 = min
𝑅,Ԧ𝑡

෍

𝑖∈𝑒𝑙𝑒𝑚𝑒𝑛𝑡

𝑚𝑖 𝑅 Ԧ𝑋𝑖 + Ԧ𝑡 − Ԧ𝜒𝑖

2

   Ԧ𝜒𝑖 = 𝑅𝑜𝑝𝑡
Ԧ𝑋𝑖 + Ԧ𝑡𝑜𝑝𝑡

rest shape Ԧ𝑋

current shape Ԧ𝜒

𝑅, Ԧ𝑡



Shape Matching Deformation Artifact

1. compute temporary position  

        Ԧ𝜒𝑖 = Ԧ𝑥𝑖 + 𝑑𝑡 ∙ Ԧ𝑣𝑖

Ԧ𝜒𝑖 = Ԧ𝑥𝑖 + 𝑑𝑡 ∙ Ԧ𝑣𝑖

Ԧ𝑥𝑖
Ԧ𝑣𝑖

Ԧ𝑥𝑖+1

𝑊𝑖 Ԧ𝑥
optimization

2. optimize 𝑊𝑖 Ԧ𝑥  to get Ԧ𝑥𝑖+1

Ԧ𝜒𝑖+1 = Ԧ𝑥𝑖+1 + 𝑑𝑡 ∙ Ԧ𝑣𝑖+1

Ԧ𝑣𝑖+1

3. Set velocity

      Ԧ𝑣𝑖+1 =
Ԧ𝑥𝑖+1− Ԧ𝑥𝑖

𝑑𝑡
Ԧ𝑥𝑖+2

𝑊𝑖+1 Ԧ𝑥

Ԧ𝑣𝑖+2

optimization

4. Goto 1

Inertia term is missing. We should minimize 𝐸𝑖

𝐸𝑖 Ԧ𝑥 = W Ԧ𝑥 +
1

2𝑑𝑡2 Ԧ𝑥 − Ԧ𝜒𝑖
𝑇𝑀 Ԧ𝑥 − Ԧ𝜒𝑖
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