Geometric Deformation



Orthogonal Procrustes
Problem



Optimization of Rotation: mlgn W(R)

Strategy A: |teratively update rotation by parameterizing
rotational update as dR = exp{Skew(w)}

Hard to choose!

R < R exp{Skew(w)} .
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Strategy B: Singular Value Decomposition (SVD) can find
the optimal rotation if W (R) takes the form of
|IRA — Bl|g



Optimizing Rotation for Quadratic Metric

Rope = argmin||RA — B||r, where RTR =1
R
= argmin||RA — B||%4 = argmin{(RA — B,RA — B)y
R R
= arg;nin{llAH,% — 2(RA, B)r + |IBII%}

= argmax(RA, B)r = argmax(R, BA")
R R



Optimizing Rotation for Quadratic Metric

Rop: = argmax(R, BA")
R
= argmax{(R, UXV"), = argmax(U' RV, Z)
R R

= argmax(S, 2)r, where STS =1
S

= arggnax(sllzll + 522222 + 533233)
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Solution of Orthogonal Procrustes Problem

Rotation optimization

Rop: = argmin||RA — B||r, where RTR =1
R

l UxyTi

| Rope = UVT,  where BA” = UV (using SVD) |




As-Rigid-As Possible
Deformation



Deformation using SVD

Shape matching deformation As-rigid-as possible deformation
[Mdller et al. 2005] [Sorkine et al. 2007]

As-Rigid-As-Possible
Surface Modeling

Olga Sorkine Marc Alexa
TU Berlin
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https://www.youtube.com/watch?v=LAoQJ1dhkiw https://www.youtube.com/watch?v=ItX-qUjbkdc
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Invariance of the Elastic Energy

« Deformation energy is not affected by rotation R and translation t
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How can We Formulate Elastic Energy?

Hard to choose!

Strategy A: Elastic energy W is a function of eigenvalues
of Green-Lagrange strain E = FTF — |

W = I@— I|%, where F =

cancel rotation cancel translation

Strategy B: Elastic energy W is a sum of square distances
after cancelling rotation and translation
5 5 Ln2
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Elastic Energy by Sum of Squared Distances

* Given points, if there is a rigid transformation t
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Elastic Energy by Sum of Squared Distances

* Given points, if there is a rigid transformation the energy is the same
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Compute Elastic Energy W: Optimizing ¢
W(RE) = ) wil|R%+E- 3|
=) wllR% =% =) 20— RX) -+ ) o]
aw(R ) _ z 20i(%; — R%;) + tz 20, = 0t/ o
=Y o /ziwi
6W(§,€)=O » Opt_zw(xl_RX)/Ewl_t _




Compute Elastic Energy W: Optimizing R
W (R Eop) = ) nllRE +Tope =2l = ) oil|R(K~Teg) = (&~ Eeg)II
= ) IRvai(% = Teg) = vau(# — Eeg) |

= ”RA — B”F A= \/w_l()_()l _ Tcg);\/w_z()_()i _ Tcg): ]
B = \/w_l(fl _ z')cg)» \/w_Z(fl — zcg): ]

— ziwi (fl — Ecg)®()_(>i — Tcg)

R,y = argmin W(R, t,,.) = UVT,  where BAT = UzVT
R




Shape Matching Deformation [miiier et al. 2005]

1. compute temporary position
)a' — ?_C)i + dt . T})i

R, t »
' 2. For each element, update position
- . - - - 2
Ropfope =min - > my||R%; + -
" icelement
)?i — Rothi + Copt
current shape y

3. Set velocity
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rest shape X 4. Goto 1



Shape Matching Deformation Artifact
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1. compute temporary position
)?i — fi + dt . 131'

2. optimize W;(x) to get X;,

Inertia term is missing. We should minimize E;
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Ei(%) = W(%) +

3. Set velocity
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4. Goto 1
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