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Affine Transformation
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Properties of Affine Transformation
• Composite of two affine transformations makes an affine 

transformation
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• Associative property: 𝐴,𝐴- 𝐴. = 𝐴, 𝐴-𝐴.

• Inverse is also an affine transformation
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Useful Property of Associative Law

Associative law for matrix:     𝐴 𝐵𝐶 = (𝐴𝐵)𝐶

𝐸 𝐷 𝐶 𝐵 𝐴𝑥 = 𝐸𝐷𝐶𝐵𝐴 𝑥

𝐾

Precompute 𝐾 = 𝐸𝐷𝐶𝐵𝐴 to efficiently compute 𝐾𝑥 for various 𝑥



Articulated Rigid Body
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Rotation Around Axis
• The rotation is parameterized by axis vector 𝑒 and angle 𝜃
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un-rotate: 𝑄0

Rotation around Rotated Axis
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𝑅 𝑄𝜔 = 𝑄 ∗ 𝑅 𝜔 ∗ 𝑄!

• Axis is rotated with 𝑄 → un-rotate the object with 𝑄0 then 
rotate around 𝜔, then rotate back with 𝑄

𝜔 𝜔

𝜔

𝑄𝜔

�⃗�′ �⃗�
rotate: 𝑄
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𝑅 𝑄𝜔 = 𝑄 ∗ 𝑅 𝜔 ∗ 𝑄!

𝑅 𝑄𝜔 ∗ 𝑄 = 𝑄 ∗ 𝑅 𝜔

intrinsic rotation:
axis rotated

matrix don’t commute!

extrinsic rotation: 
axis fix



Rotation around Rotated Axis: Robotic Arm
• Rotation of end-effector in a 4-link articulated body
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𝑅1 𝑅.𝑅-𝑅,𝜔1 ∗ 𝑅. 𝑅-𝑅,𝜔. ∗ 𝑅- 𝑅,𝜔- ∗ 𝑅, 𝜔,
intrinsic

𝑅, 𝜔, ∗ 𝑅- 𝜔- ∗ 𝑅. 𝜔. ∗ 𝑅1 𝜔1
extrinsic



Affine Trans. of Rotation Around Fixed Point
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𝐴 𝜔, 𝑃
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𝐴 𝜔′, 𝑃′ 𝐴,
Rotation After Rigid Transformation
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0 1
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𝐴 𝜔, 𝑃𝐴,



Affine Transformation of Articulated Body
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Binding Matrix
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Local Transformations 
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0 00
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bone local coordinatetransformation from parent bone 

deformed configuration



Binding Matrix
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bone local coordinate

reference configuration



Inverse Binding Matrix
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𝐶" = 𝐿"
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deformed configuration
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𝐴" = 𝐶"𝐵"#$

bone local coordinate



Linear Blend Skinning
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Linear Blend Skinning is Industry Standard
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Source “Auto-Rig Pro: Remap Update!
https://www.youtube.com/watch?v=-tuuijd2fCc

https://www.youtube.com/watch?v=-tuuijd2fCc


Linear Blend Skinning: Rest Pose

20Image Credit: Ladislav Kavan (https://skinning.org/direct-methods-slides.pdf )

�⃗�8

https://skinning.org/direct-methods-slides.pdf


Each Bone Has Affine Transformation

21Image Credit: Ladislav Kavan (https://skinning.org/direct-methods-slides.pdf )

𝐴"

𝐴#

https://skinning.org/direct-methods-slides.pdf


Linear Blend Skinning: Weighted Transform.
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Skinning Weight: Weight Defined on Vertices

23Image Credit: Ladislav Kavan (https://skinning.org/direct-methods-slides.pdf )

Weights for upper arm: 𝜔, Weights for lower arm: 𝜔-
1

0

https://skinning.org/direct-methods-slides.pdf
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https://skinning.org/

