
Barycentric Coordinate
（重心座標）
Coordinate on a simplex defined using length/area/volume used for interpolation



What is Coordinate?
• Coordinate is a parameterization of position

�⃗�(𝑤!, 𝑤"…)

positionparameters



Cartesian Coordinate (デカルト座標系)
• Origin and orthonomal basis vectors

René Descartes
Cogito, ergo sum

0 𝑒!

𝑒" �⃗� Given coordinate 𝑤!, 𝑤" :

�⃗� = 𝑤! 𝑒! + 𝑤"𝑒"

𝑤! = �⃗� ⋅ 𝑒!, 𝑤" = �⃗� ⋅ 𝑒"
Given position �⃗�



What is Simplex?
• Simplest polytope (i.e. shape with flat sides)

1-simplex: 
line segment

2-simplex: 
triangle

3-simplex: 
tetrahedron



Barycentric Coordinate on Line

�⃗�
𝑝!

𝑝"

𝐿!"

𝐿!𝐿"

Given coordinate 𝑤!, 𝑤"

𝑤! =
𝐿!
𝐿!"

, 𝑤" =
𝐿"
𝐿!"

�⃗� = 𝑤! 𝑝! + 𝑤"𝑝"

Given position �⃗�

𝑤! + 𝑤" = 1



Linear Length Computation on Line

�⃗�
𝑝"

𝑝!

𝐿!"

𝐿!𝐿"

𝐿! = 𝑝" − �⃗�
Naïve length : 

𝐿! = 𝑝" − �⃗� ⋅
𝑝" − 𝑝!
𝑝" − 𝑝!

Linear length : 

Cannot exterpolate 
outside line



Barycentric Coordinate on Triangle

�⃗�
𝑝!

𝑝"

𝑝#

Given coordinate 𝑤!, 𝑤", 𝑤# : 

�⃗� = 𝑤! 𝑝! + 𝑤"𝑝" + 𝑤#𝑝#

𝑤! =
𝐴$"#
𝐴!"#

, 𝑤" =
𝐴!$#
𝐴!"#

, 𝑤# =
𝐴!"$
𝐴!"#

Given position �⃗� :

𝑤! + 𝑤" + 𝑤# = 1



Linear Area Computation on Triangle

𝐴$"# = 𝑝# − 𝑝" × �⃗� − 𝑝"
Naïve area : 

𝐴$"# = 𝑝# − 𝑝" × �⃗� − 𝑝" ⋅ 𝑛
Linear area : �⃗�

𝑝"

𝑝!

𝑝#

Unit normal vector

Cannot exterpolate 
outside triangle



Barycentric Coordinates for a Tetrahedron

𝑝#

𝑝"

𝑝!
�⃗�

𝑝%
Given coordinate 𝑤!, 𝑤", 𝑤# : 

�⃗� = 𝑤! 𝑝! + 𝑤"𝑝" + 𝑤#𝑝# + 𝑤%𝑝%

𝑤! =
𝑉"#$%
𝑉!#$%

, 𝑤# =
𝑉!"$%
𝑉!#$%

, 𝑤$ =
𝑉!#"%
𝑉!#$%

, 𝑤$ =
𝑉!#$"
𝑉!#$%

Given position �⃗� :

𝑤! + 𝑤" + 𝑤# + 𝑤% = 1



Volume of Tetrahedron from Parallelepiped

𝑐

�⃗�

𝑏

• Volume of parallelepiped: V = �⃗� ⋅ 𝑏×𝑐

• Volume of tetrahedron: V = ⁄1 6 �⃗� ⋅ 𝑏×𝑐



Differential of Scalar Triple Product

𝑏 �⃗�

�⃗�

𝑊(�⃗�) = 𝑏 ⋅ �⃗�×�⃗�

𝜕𝑊
𝜕�⃗�

= 𝑏×�⃗�

= �⃗� ⋅ 𝑏×�⃗� The volume is linear
to the position



Interpolation Using Barycentric Coordinate

𝑣$
𝑣"

𝑣!

𝑣#

𝑣$ = 𝑤!𝑣! + 𝑤"𝑣" + 𝑤#𝑣#

�⃗� = 𝑤! 𝑝! + 𝑤"𝑝" + 𝑤#𝑝#

Position from coordinate : 

Value from coordinate: 



Interpolation Using Barycentric Coordinate
• Interpolated value is linear w.r.t coordinate

𝑣!

𝑣"

𝑣#

= ⨁

𝑣%×𝑤%(�⃗�)

𝑣&×𝑤&(�⃗�)

𝑣'×𝑤'(�⃗�) 1

1

1


